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Abstrat
In this paper, we disuss the asymptoti stability of singular steady states of the
nonlinear heat equation ut = ∆u+ u
p
in weighted L
r
 norms.
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1 Introdution
It is well-known that the behaviour for large t of solutions of the Cauhy problem
ut = ∆u+ u
p, (1.1)
u(x, 0) = u0(x) (1.2)
depends on the value of the exponent p of the nonlinearity. Let us rst reall the ritial
value of p = pF = 1 + 2/n alled the Fujita exponent whih borders the ase of a nite-
time blow-up for all positive solutions (for p 6 pF ) and the ase of the existene of some
global bounded positive solutions (if p > pF ). It is also known that the Sobolev exponent
pS =
n+2
n−2 is ritial for the existene of positive steady states that is lassial solutions
ψ ∈ C0(Rn) of the ellipti equation ∆ψ + ψp = 0 on Rn. Suh solutions exist only if
p > pS (see e.g. [1℄, [8℄ ). Moreover, for p > pS there is a one parameter family of radial
positive steady states ψk, k > 0, given by
ψk(x) = kψ1(k
p−1
2 |x|), (1.3)
1
where ψ1 is the unique radial stationary solution with ψ1(0) = 1, whih is strily de-
reasing in |x| and satises ψ1(|x|)→ 0 as |x| → ∞ (see [17℄).
Another important exponent
pJL =
n− 2√n− 1
n− 4− 2√n− 1 for n > 11,
appeared for the rst time in [10℄ where the authors studied problems with the non
linearities of the form f(u) = a(1 + bu)p for some a, b > 0. It is also onneted with
a hange in stability property of positive steady states dened in (1.3). Indeed, Gui
et al. [9℄ proved that for p < pJL, all positive stationary solutions ψk are unstable in
any reasonable sense, while for p > pJL they are "weakly asymptotially stable" in a
weighted L∞−norm. Results on the asymptoti stability of zero solution to (1.1)-(1.2)
an be found in [16℄ and in the referenes given there.
Let us reall that for p > pJL the family of the positive equilibria ψk, k > 0, forms a
simply ordered urve. Furthermore, this urve onnets the trivial solution if k → 0 and
the singular steady state for k → ∞, whih exists for p > pst = n/(n−2) in dimensions
n > 3 and has the form v∞(x) = L|x|−2/(p−1) with a suitably hosen onstant L (see (2.1)
below). It is also known ([17℄) that if pS 6 p < pJL the graphs of the steady states
ψk, 0 < k < ∞, interset the graph of v∞, whereas for p > pJL we have ψk < v∞,
(0 < k <∞).
Our main goal in this note is to prove asymptoti stability of the singular stationary
solution v∞ in suitable weighted Lr−spaes using estimates of a fundamental solution
to a paraboli equation with singular oeients [11, 13℄.
2 Results and omments
It an be diretly heked that for p > pst = n/(n−2) and n > 3 equation (1.1) has the
singular stationary solution of the form
v∞(x) = L|x|−
2
p−1 =
(
2
p− 1
(
n− 2− 2
p− 1
)) 1p−1
|x|− 2p−1 , (2.1)
whih plays the entral role in this paper.
In partiular, problem (1.1)(1.2) with a nonnegative initial datum u0, whih is
bounded and below singular steady state v∞, has the global in time lassial solution
(see [17, Th. 20.5 (i)℄ and [14, Th. 1.1℄). Moreover, following Galaktionov & Vazquez
[7, Th. 10.4 (ii)℄, we may generalize that result and prove that if 0 6 u0(x) 6 v∞(x) and
u0(x) 6≡ v∞(x), then the limit funtion u(x, t) = limN→∞ uN(x, t), where uN = uN(x, t)
is the solution of the problem
ut = ∆u+ u
p, u(x, 0) = min{u0(x), N},
2
solves (1.1) and u(·, t) ∈ L∞(Rn) for all t > 0. By those reasons, in the theorems
below we always assume that u is the nonnegative solution to the initial value problem
(1.1)(1.2) with the initial datum u0 satisfying
0 6 u0(x) 6 v∞(x). (2.2)
In order to show the asymptoti stability of the steady state v∞ we linearize (1.1)
around v∞. Denoting by u = u(x, t) the nonnegative solution to (1.1)(1.2) and intro-
duing w = v∞ − u, we obtain
wt = ∆w +
λ
|x|2w −
[
(v∞ − w)p − vp∞ + pvp−1∞ w
]
, (2.3)
where
λ = λ(n, p) =
2p
p− 1
(
n− 2− 2
p− 1
)
. (2.4)
Next, we use estimates of the fundamental solution of the linear heat equation with
singular potential
ut = ∆u+
λ
|x|2u, x ∈ R
n, t > 0 (2.5)
obtained reently by Liskevih & Sobol [11℄, Milman & Semenov [13℄ (see also Moshini
& Tesei [12℄). As the onsequene of the Hardy inequality, it is ruial in that reasoning
to assume that λ 6 (n−2)
2
4
in equation (2.5). Coming bak to the perturbed equation
(2.3) and using the expliit form of λ(n, p) in (2.4), we obtain by diret alulation (see
Remark 4.1 for more details) that the inequality λ(n, p) 6 (n−4)
2
4
is valid if
p > pJL =
n− 2√n− 1
n− 4− 2√n− 1 for n > 11. (2.6)
By this reason, we limit ourselves to the exponent p of the nonlinearity in (1.1) satisfying
(2.6). The exponents mentioned above are ordered as follows: pF < pst < pS < pJL.
We introdue the parameter σ whih plays a ruial role in our reasoning by the
formula
σ = σ(n, p) =
n− 2
2
−
√
(n− 2)2
4
− 2p
p− 1
(
n− 2− 2
p− 1
)
. (2.7)
It is worth pointing out that σ(n, p) > 2/(p−1) if p > pst and n > 2. Moreover, the
number σ(n, p) has the property 2σ(n, p) < n. Let us also notie that σ(n, p) appears
in a hidden way in the papers of Polá£ik, Yanagida, Fila, Winkler (see e.g.[15℄, [6℄),
beause it is the sum of the onstant
2/(p−1) and λ1, where λ1 is one of the root of the
quadrati polynomial z2 − (n− 2− 2L)z + 2(n− 2−L), given expliitly by the formula
λ1 =
1
2
(
n− 2− 2L−
√
(n− 2− 2L)2 − 8(n− 2− L)
)
,
where L is dened in (2.1).
Now we are in a position to formulate our rst result on the onvergene of the
solutions towards the singular steady state.
3
Theorem 2.1. Assume (2.2), (2.6), (2.7). Suppose, moreover, that there exist onstants
b > 0 and ℓ ∈ (σ, n− σ) suh that
v∞(x)− b|x|−ℓ 6 u0(x)
for all |x| > 1. Then
sup
|x|6√t
|x|σ(v∞(x)− u(x, t)) 6 Ct− ℓ−σ2 (2.8)
and
sup
|x|>√t
(
v∞(x)− u(x, t)
)
6 Ct−
ℓ
2 . (2.9)
for a onstant C > 0 and all t > 1.
Polá£ik & Yanagida [14, Th. 6.1℄ showed that under the assumptions of Theorem
2.1 the pointwise onvergene holds true, namely, limt→∞ u(x, t) = v∞(x) for every
x ∈ Rn \ {0}. More reently, Fila & Winkler [5℄ proved the uniform onvergene of
solutions u = u(x, t) toward a singular steady state on Rn \ Bν(0), where Bν(0) is the
ball in R
n
with the enter at the origin and radius ν. Theorem 2.1ompletes those results
by providing optimal weighted deay estimates in the whole R
n
.
Remark 2.1. Note that our alulations in the proof of Theorem 2.1 are valid for any
ℓ ∈ (2/(p−1), n−σ), but for ℓ ∈ (2/(p−1), σ] the right-hand side of inequality (2.8) does not
deay in time. 
We an improve Theorem 2.1 for ℓ = σ as follows.
Theorem 2.2. Assume that (2.2), (2.6) and (2.7) are satised. Suppose that there
exists a onstant b > 0 suh that
v∞(x)− b|x|−σ 6 u0(x).
Let, moreover,
lim
|x|→∞
|x|σ(v∞(x)− u0(x)) = 0.
Then
lim
t→∞
sup
|x|6√t
|x|σ(v∞(x)− u(x, t)) = 0
and
lim
t→∞
t
σ
2 sup
|x|>√t
(
v∞(x)− u(x, t)
)
= 0.
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Corollary 2.1. Under the assumptions of Theorem 2.1 and Theorem 2.2, respetively
if, moreover, b is suiently small, we obtain
‖u(·, t)‖∞ > Ct
ℓ−σ
σ(p−1)−2
if ℓ ∈ (σ, n− σ) (2.10)
for a onstant C > 0 and all t > 1 and
lim
t→∞
‖u(·, t)‖∞ = +∞ if ℓ = σ. (2.11)
Remark 2.2. Estimates from below of ‖u(·, t)‖∞, similar to that stated in (2.10), were
obtained by Fila et al. in [2, Theorem 1.1.℄, [6, Theorem 1.1.℄ and improved in [3,
Theorem 1.1.℄ using mathed asymptotis expansions. In Corollary 2.1, we emphasize
that this inequality is an immediate onsequene of Theorem 2.1. 
Remark 2.3. For p > pJL estimates (2.8) and (2.9) seem to be optimal, beause they
imply the optimal lower bound (2.10), see [3℄. On the other hand, for p = pJL the
authors of [4℄ obtained the logarithmi fator on the right-hand side of (2.10), whih we
are not able to see by our method. 
Our next goal is to prove the asymptoti stability of v∞ in the Lebesgue spae L2(Rn).
Theorem 2.3. Assume that (2.2), (2.6) and (2.7) are valid.
i) Suppose that v∞ − u0 ∈ L1(Rn) and | · |−σ(v∞ − u0) ∈ L1(Rn). Then
‖v∞(·)− u(·, t)‖2 6 Ct−n4 ‖v∞ − u0‖1 + Ct−n−2σ4 ‖| · |−σ(v∞ − u0)‖1. (2.12)
ii) Suppose that v∞ − u0 ∈ L2(Rn). Then
lim
t→∞
‖v∞(·)− u(·, t)‖2 = 0.
Note, that v∞ ∈ L2loc(Rn) for every p > pF . Here, this property of the singular
solution v∞ is satised, beause pJL > pF .
Using the fat that the steady states ψk dened in (1.3) are below the singular
stationary solution v∞ for p > pJL, we may rephrase Theorem 2.3 as follows.
Corollary 2.2. Assume that (2.2), (2.6) and (2.7) are valid. Let ψk be the stationary
solutions (1.3) for some k > 0.
i) Suppose that ψk − u0 ∈ L1(Rn) and | · |−σ(ψk − u0) ∈ L1(Rn). Then
‖ψk(·)− u(·, t)‖2 6 Ct−n4 ‖ψk − u0‖1 + Ct−n−2σ4
∥∥ | · |−σ(ψk − u0)∥∥1. (2.13)
ii) Suppose that ψk − u0 ∈ L2(Rn). Then
lim
t→∞
‖ψk(·)− u(·, t)‖2 = 0. (2.14)
Remark 2.4. Observe that Theorem 2.3 and Corollary 2.2 omplete the results by
Polá£ik & Yanagida, who proved in [14, Proposition 3.5℄ the stability estimate
‖ψk(·)− u(·, t)‖2 6 ‖ψk − u0‖2.

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3 Linear equation with a singular potential
In this setion we reall the estimate from above of the fundamental solution of the
equation ut = ∆u + λ|x|−2u obtained by Liskevih & Sobol in [11℄ and by Milman &
Semenov [13℄. Following those arguments, we dene the weights ϕσ(x, t) ∈ C(Rn \ {0})
as
ϕσ(x, t) =
{(√
t
|x|
)σ
if |x| 6 √t,
1 if |x| > √t. (3.1)
Theorem 3.1. [11, 13℄ Let Hu = ∆u + λ|x|−2u. Assume that 0 6 λ 6 (n−2)2/4. The
semigroup e
−tH
of the linear operators generated by H an be written as the integral
operator with a kernel e
−tH(x, y), namely
e
−tHu0(x) =
∫
Rn
e
−tH(x, y)u0(y) dy.
Moreover, there exist positive onstants C > 0 and c > 1, suh that for all t > 0 and all
x, y ∈ Rn \ {0}
0 6 e−tH(x, y) 6 Cϕσ(x, t) ϕσ(y, t) G(x− y, ct), (3.2)
where σ = n−2
2
−
√
(n−2)2
4
− λ, the funtions ϕσ are dened in (3.1) (see also Remark
3.1 below) and G(x, t) =
(
4πt
)
−n/2
exp(−|x|2/4πt) is the heat kernel.
Remark 3.1. In fat, Milman & Semenov in [13℄ used the more regular weight funtions
Φσ ∈ C2(Rn \ {0}), namely
Φσ(x, t) =
{(√
t
|x|
)σ
if |x| 6 √t,
1
2
if |x| > 2√t
and
1
2
6 Φσ(x, t) 6 1 for
√
t 6 |x| 6 2√t. It an be heked diretly that there exist
positive onstants c and C for whih the inequalities
cϕσ(x, t) 6 Φσ(x, t) 6 Cϕσ(x, t)
hold true, where ϕσ are dened by (3.1). By this reason we are allowed to use the
weights ϕσ instead of Φσ. 
The following theorem is the onsequene of the estimates stated in (3.2).
Theorem 3.2. Let the assumptions of Theorem 3.1 be valid. Assume that p > 1+ 2
n−σ .
Suppose that there exist b > 0 and ℓ ∈ ( 2
p−1 , n− σ) suh that a nonnegative funtion w0
satises
w0(x) 6 b|x|−
2
p−1
for |x| 6 1,
w0(x) 6 b|x|−ℓ for |x| > 1.
Then
sup
x∈Rn
ϕ−1σ (x, t)|e−tHw0(x)| 6 Ct−
ℓ
2
(3.3)
for a onstant C > 0 and all t > 1.
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Proof. First, for every xed x ∈ Rn, we apply the estimate of the kernel e−tH from
Theorem 3.1 in the following way
ϕ−1σ (x, t)
∣∣
e
−tHw0(x)
∣∣ 6 C ∫
Rn
G(x− y, ct)ϕσ(y, t)w0(y) dy.
Next, we split the integral on the right-hand side into three parts I1(x, t), I2(x, t) and
I3(x, t) aording to the denition of the weights ϕσ and the assumptions on the funtion
w0. Let us begin with I1(x, t):
I1(x, t) ≡ C
∫
|y|61
G(x− y, ct)ϕσ(y, t)w0(y) dy
6 Cbt
σ
2
∫
|y|61
G(x− y, ct)|y|−σ− 2p−1 dy 6 Cbt−n−σ2 ,
beause G(x − y, ct) is bounded by Ct−n2 and the funtion |y|−σ− 2p−1 is integrable for
|y| 6 1 if p > 1 + 2/(n−σ).
We use the same argument to deal with
I2(x, t) ≡ C
∫
16|y|6√t
G(x− y, ct)ϕσ(y, t)w0(y) dy
6 Cbt
σ
2
∫
16|y|6√t
G(x− y, ct)|y|−σ−ℓ dy 6 Cbtσ−n2
∫
16|y|6√t
|y|−σ−ℓ dy
6 Cbt−
ℓ
2 + Cbt−
n−σ
2 .
Finally, we estimate
I3(x, t) ≡ C
∫
|y|>√t
G(x− y, ct)ϕσ(y, t)w0(y) dy
6 Cb
∫
|y|>√t
G(x− y, ct)|y|−ℓ dy 6 Cbt− ℓ2 ,
using the inequality 1 6
(√
t
|y|
)ℓ
for |y| > √t and the identity ∫
Rn
G(x− y, ct) dy = 1 for
t > 0, x ∈ Rn. Sine ℓ ∈ (2/(p−1), n− σ), we omplete the proof of (3.3). 
Theorem 3.3. Assume that | · |σw0 ∈ L∞(Rn) and
lim
|x|→∞
|x|σw0(x) = 0.
Then
lim
t→∞
t
σ
2 sup
x∈Rn
ϕ−1σ (x, t)|e−tHw0(x)| = 0. (3.4)
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Proof. For every xed x ∈ Rn we use the estimate from Theorem 3.1 as follows
ϕ−1σ (x, t)
∣∣
e
−tHw0(x)
∣∣ 6 C ∫
Rn
G(x− y, ct)ϕσ(y, t)w0(y) dy.
We deompose the integral on the right-hand side aording to the denition of ϕσ and
we estimate eah term separable. Substituting y = z
√
t we obtain
I1(x, t) ≡ C
∫
|y|6√t
G(x− y, ct)
(√
t
|y|
)σ
w0(y) dy
= Ct−
σ
2
∫
|z|61
G
(
x√
t
− z, c
)
|z|−2σ|
√
tz|σw0(
√
tz) dz.
Hene,
t
σ
2 sup
x∈Rn
I1(x, t)→ 0 as t→∞
by the Lebesgue dominated onvergene theorem, beause G
(
x√
t
− z, c) is bounded and
the funtion |z|−2σ is integrable for |z| 6 1. By the assumption imposed on w0, given
ε > 0 we may hoose t so large that
sup
|y|>√t
|y|σw0(y) < ε.
Now, using the inequality 1 6
(√
t
|y|
)σ
for |y| > √t, we obtain
I2(x, t) ≡
∫
|y|>√t
G(x− y, ct)w0(y) dy 6 t−σ2
∫
|y|>√t
G(x− y, ct)|y|σw0(y) dy
6 εt−
σ
2
∫
|y|>√t
G(x− y, ct) dy.
Sine
∫
Rn
G(x− y, ct) dy = 1 for all t > 0, x ∈ Rn and sine ε > 0 is arbitrary, we get
t
σ
2 sup
x∈Rn
I2(x, t)→ 0 as t→∞.

Let us dened the weighted Lq-norm as follows
‖f‖q,ϕσ(t) =
(∫
Rn
|f(x)ϕ−1σ (x, t)|qϕ2σ(x, t) dx
) 1
q
for every 1 6 q <∞,
and
‖f‖∞,ϕσ(t) = sup
x∈Rn
ϕ−1σ (x, t)|f(x)| for q =∞.
Note, that in partiular for q = 2, the norm ‖ · ‖2,ϕσ(t) agrees with the usual L2-norm on
R
n
.
8
Proposition 3.1. Suppose that 1 6 q 6∞. Then the following inequality holds true
‖e−tHw0‖q,ϕσ(t) 6 Ct−
n
2
( 1
r
− 1
q
)‖w0‖r,ϕσ(t) (3.5)
for every 1 6 r 6 q 6∞ and all t > 0.
Proof. The proof of estimate (3.5) an be diretly dedued from the reasoning by Milman
& Semenov. Indeed, in [13, page 381℄, we an nd the inequality
‖ϕ−1σ e−tHϕσf‖L2(Rn,ϕ2σ(x,t) dx) 6 Ct−n4 ‖f‖L1(Rn,ϕ2σ(x,t) dx).
Hene, substituting ϕσf = w0 and using the denitions of the norm ‖ · ‖q,ϕσ(t), we obtain
(3.5) with q = 2 and r = 1. This inequality together with
‖e−tHw0‖1,ϕσ(t) 6 C‖w0‖1,ϕσ(t),
stated in [13, page 391℄, imply (3.5) for q = 1 and every 1 6 r 6 2 by Riesz-Thorin
interpolation theorem. Moreover, the operator e
−tH
is self-adjoint, so by duality the
inequality
‖e−tHw0‖∞,ϕσ(t) 6 Ct−
n
4 ‖w0‖2,ϕσ(t)
holds true. The semigroup property e
−tH = e−t/2He−t/2H leads to (3.5) with q = ∞ and
r = 1. Applying duality and Riesz-Thorin interpolation theorem one more, we omplete
the proof of (3.5). Let us emphasize at the end of this reasoning, that the inequalities
(3.5) are used by Milman & Semenov in [13℄ to derive the kernel estimate (3.2). 
4 Linearization around a singular steady state
Let u be a solution of (1.1) with initial datum satisfying (2.2). We substitute
w(x, t) = v∞(x)− u(x, t)
to get
wt = ∆w +
λ
|x|2w −
[
(v∞ − w)p − vp∞ + pvp−1∞ w
]
, (4.1)
where λ = λ(n, p) = 2p
p−1(n− 2− 2p−1). Let us note that the last term on the right-hand
side of equation (4.1) is non positive, namely
(v∞ − w)p − vp∞ > −pvp−1∞ w,
whih is the diret onsequene of the onvexity of the funtion f(s) = sp. Indeed, sine
the graph of the funtion f lies above all of its tangents, we have f(s−h)−f(s) > −f ′(s)h
for all s and h in R.
The proofs of our results are based on the following elementary observation. If w is
a nonnegative solution of equation (4.1) with the initial ondition w0(x) > 0, then
0 6 w(x, t) 6 e−tHw0(x)
9
with Hw = ∆w + λ(n, p)|x|−2w. Consequently, using the ondition 0 6 u0(x) 6 v∞(x)
and the just-mentioned omparison priniple we an write
0 6 v∞(x)− u(x, t) 6 e−tH
(
v∞(x)− u0(x)
)
(4.2)
or , equivalently,
v∞(x)− e−tH
(
v∞(x)− u0(x)
)
6 u(x, t) 6 v∞(x). (4.3)
Remark 4.1. If n > 11 and either p > pJL or
n
n−2 < p <
n+2
√
n−1
n−4+2√n−1 , then the linearized
problem
wt = ∆w +
λ
|x|2w,
w(x, 0) = w0(x),
with λ = λ(n, p) = 2p
p−1(n − 2 − 2p−1) has the unique solution. Indeed, in the view of
Theorem 3.1, it is suient to show that
λ(n, p) =
2p
p− 1
(
n− 2− 2
p− 1
)
6
(n− 2)2
4
.
Substituting y = 1/(p−1), after elementary alulations, we arrive at the inequality
16y2 + (32− 8n)y + n2 − 12n+ 20 > 0
whih has the solution y ∈ (−∞, n−4−2√n−1
4
]
∪
[
n−4+√n−1
4
,+∞). Moreover, if n > 11,
then
n−4−2√n−1
4
> 0 and if n ∈ (2, 10), then n−4−2
√
n−1
4
< 0 and n−4+2
√
n−1
4
> 0. These
observations give us that p > pJL or
n
n−2 < p 6
n+2
√
n−1
n−4+2√n−1 . 
5 Asymptoti stability of steady states
Proof of Theorem 2.1. It sues to use inequality (4.2) and to estimate its right-hand
side by Theorem 3.2. 
Proof of Theorem 2.2. As in the proof of Theorem 2.1, it is suient to use (4.2) together
with Theorem 3.3 substituting w0(x) = v∞(x)− u0(x). 
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Proof of Corollary 2.1. Sine we have inequality (4.3), it sues to prove that
sup
x∈Rn
[
v∞(x)− e−tHw0(x)
]
> C(b)t
ℓ−σ
σ(p−1)−2
for w0 = v∞ − u0. Hene, inequality (3.3) from Theorem 3.2 enables us to write
v∞(x)− e−tH
(
v∞(x)− u0(x)
)
> v∞(x)− Cbϕσ(x, t)t− ℓ2
for all x ∈ Rn \ {0} and t > 0. Next, using the expliit form of the weights ϕσ, we dene
the funtion
F (|x|, t) = v∞(|x|)− Cbϕσ(x, t)t− ℓ2 =
{
L|x|− 2p−1 − Cbtσ−ℓ2 |x|−σ for |x| 6 √t,
L|x|− 2p−1 − Cbt− ℓ2 for |x| > √t.
An easy omputation shows that the funtion F has its maximum at
|x| = C(b)tσ−ℓ2 p−1σ(p−1)−2
and it is equal to
max
x∈Rn
F (|x|, t) = C(b)t ℓ−σσ(p−1)−2
for some onstant C(b) > 0. Hene, we get (2.10).
To obtain (2.11), we use the result from Theorem 3.3. It follows from (3.4) that for
every ε > 0 there exists T > 0 suh that∣∣
e
−tHw0(x)
∣∣ < εϕσ(x, t)t−σ2
for all x ∈ Rn \ {0} and t > T . Hene, by (4.3), we have
v∞(x)− e−tH
(
v∞(x)− u0(x)
)
> v∞(x)− Cεϕσ(x, t)t−σ2 .
Now, one more using the expliit form of the weights ϕσ, we onsider the funtion
G(|x|, t) = v∞(|x|)− Cbϕσ(x, t)t−σ2 =
{
L|x|− 2p−1 − ε|x|−σ for |x| 6 √t,
L|x|− 2p−1 − εt−σ2 for |x| > √t.
An elementary omputations give us that the funtion G attains its maximum at
|x| = cε− p−1σ(p−1)−2
and
max
x∈Rn
G(|x|, t) = Cε− 2σ(p−1)−2
for some onstant C > 0. Sine σ > 2/(p−1), we see that the maximum of the funtion G
diverges to innity if ε tends to zero. This ompletes the proof of (2.11). 
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Proof of Theorem 2.3(i). Aording to (4.2) it is enough to estimate the L2− norm
of the expression e
−tHw0 for every w0 satisfying two onditions: w0 ∈ L1(Rn) and
| · |−σw0 ∈ L1(Rn). Applying (3.5), with q = 2, r = 1 and using the denition of the
funtions ϕσ(x, t), we may write
‖e−tHw0‖2 6 Ct−n4 ‖w0‖1,ϕσ(t) = Ct−
n−2σ
4
∫
|x|6√t
w0(x)|x|−σ dx
+ Ct−
n
4
∫
|x|>√t
w0(x) dx 6 Ct
−n−2σ
4 ‖w0| · |−σ‖1 + Ct−n4 ‖w0‖1.
This establishes formula (2.12). 
Proof of Theorem 2.3(ii). Again, by (4.2), we only need to show that
lim
t→∞
‖e−tHw0‖2 = 0
for eah w0 ∈ L2(Rn). Hene, for every ε > 0 we hoose ψ ∈ C∞c (Rn) suh that
‖w0 − ψ‖2 < ε. Using rst the triangle inequality and next (3.5), with q = 2 and r = 2,
we obtain
‖e−tHw0‖2 6 ‖e−tH(w0 − ψ)‖2 + ‖e−tHψ‖2
6 Cε+ ‖e−tHψ‖2.
Sine the seond term on the right-hand side onvergene to zero as t→∞ by the rst
part of Theorem 2.3, we get
lim sup
t→∞
‖e−tHw0‖2 6 Cε.
This ompletes the proof of Theorem 2.3 (ii), beause ε > 0 an be arbitrary small. 
Proof of Corollary 2.2. We linearize equation (1.1) around the positive steady state ψk
substituting v = ψk − u to get
vt = ∆v + pψ
p−1
k v −
(
(ψk − v)p − ψpk + pψp−1k v
)
. (5.1)
One more, using the onvexity of the funtion f(s) = sp, let us notie that the expression
(ψk− v)p−ψp−1k v is nonnegative. Furthermore, ψk < v∞ as long as p > pJL and n > 11.
Hene applying rst, the omparison priniple to the approximate problem
vt = ∆+ pmin{Np−1, vp−1∞ }v,
v(x, 0) = v0(x)
with the nonnegative initial datum and next, passing to the limit when N tends to
innity, we get
0 6 ψk(x)− u(x, t) 6 e−tH
(
ψk(x)− u0(x)
)
.
Now, (2.13) and (2.14) are the straightforward onsequenes of the reasoning used in
the proof of Theorem 2.3. 
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